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Electron-electron interactions in the vacuum polarization of graphene
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We discuss the effect of electron-electron interactions on the static polarization properties of graphene
beyond RPA. Divergent self-energy corrections are naturally absorbed into the renormalized coupling constant
a. We find that the lowest-order vertex correction, which is the first nontrivial correlation contribution, is finite,
and about 30% of the RPA result at strong coupling a~ 1. The vertex correction leads to further reduction of
the effective charge. Finite contributions to dielectric screening are expected in all orders of perturbation

theory.
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I. INTRODUCTION AND MOTIVATION

Graphene is a two-dimensional (2D) allotrope of carbon
on a honeycomb lattice with one electron per 7 orbital (half
filling). Its bare electronic spectrum is described in terms of
a linearly dispersing, massless, chiral Dirac field (V). Since
its isolation a few years ago! it was realized that graphene
displays a number of unique properties that are at odds with
the standard theory of metals.'~> One of the most important
unresolved questions in graphene is the role of electron-
electron interactions.*~'> Even though, due to the vanishing
of the density of states at the Fermi energy, the electron-
electron interactions are expected to remain unscreened and
strong; it is not clear what is their influence on the properties
of graphene.

In the present work we study the influence of the electron-
electron interactions on the static dielectric function of
graphene at half filling. We perform calculations to one order
beyond the conventional random-phase approximation (RPA)
vacuum polarization bubble by including self-energy and
vertex corrections into the polarization loop. Our main find-
ing is that vertex contributions become important in the cou-
pling regime a~ 1, which in turn means that other non-RPA
contributions should also be included. We were mainly mo-
tivated by the question of whether the interactions can sig-
nificantly affect the screening properties. This issue is par-
ticularly relevant in graphene for two reasons: (1) The
effective coupling constant « (see the precise definition be-
low) in graphene is large, @~ 1, and thus interactions are
expected to be generically important, and (2) in spite of the
above, to the best of our knowledge, no clear signatures of
interaction effects have been observed so far in graphene.
For example, measurements of the compressibility'3 have not
detected electron correlation effects. In addition, screening of
external charged impurities introduced in graphene is also
expected to be sensitive to interaction effects, at least on the
theoretical level,'*'7 and could be relevant for interpretation
of recent experiments on charged impurity scattering.'8 It is
thus generally important to investigate the problem of how
the correlations affect the effective charge of the carriers in
graphene, which is determined by the vacuum polarization.
We will assume that graphene at half filling (i.e., when the
chemical potential crosses the Dirac point) remains a homo-
geneous gas of quasiparticles, which in itself is not necessar-
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ily an innocent assumption due to the possibility of puddles,
ripples, etc.> However, we assume that the system is homo-
geneous as the importance of the above effects is still un-
settled.

Our starting point is the low-energy Hamiltonian of
graphene which can be written as (we use units such that %
=1),

H=2 W} (v|p|é, - ubo)¥,+H, (1)
P

where v is the Fermi velocity, u is the chemical potential

away from half filling, &O:f is the 2 X2 identity matrix,
6,=6-p/|p|=(6,p,+6,p,)|p|™", and &,,6, are Pauli matri-
ces. The first term in the Hamiltonian (1) reflects the effec-
tive Lorentz invariance that exists in the noninteracting prob-
lem at low energies and gives rise to bizarre electronic
behavior analogous to the one found in quantum electrody-
namics (QED)."?
In Eq. (1), H, is the electron-electron interaction,

1 PR A +
H,;= EE ApVpli_p, 1y = 2 ViV (2)
P q
where
21re?
== (3)
P Ipl

is the Fourier transform of the Coulomb potential in 2D. The
relative strength of the Coulomb interactions to the kinetic
energy is determined by graphene’s “fine-structure constant”
a=¢*/v. Unlike QED, the Dirac fermion velocity is much
smaller than the speed of light ¢, and hence the Coulomb
field can be treated as instantaneous (v=10° m/s). As a re-
sult, the Coulomb interaction breaks the Lorentz invariance
of the problem leading to fundamental differences between
the graphene problem and QED. From now on we absorb the
dielectric constant of the medium ¢ into the definition of the
effective charge e. For example, in the typical case of
graphene on a SiO, substrate with dielectric constant e ~4,
we have e?=2¢}/(1+¢), where ¢, is the charge of the elec-
tron. Keeping in mind that e(z)/v%2.2, one then finds the
coupling constant = 0.9.2° Nevertheless, even in this situa-
tion when the relation a<<1 is not strictly satisfied, pertur-
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bation theory is expected to give a good indication for the
behavior of physical quantities.

The rest of the paper is organized as follows. Section II
deals with corrections to the polarization loop arising from
the dressing of the electron propagators. In Sec. III the true
interaction (correlation) insertion, the vertex correction, is
examined. Section IV contains our conclusions.

II. SELF-ENERGY CORRECTIONS
TO THE POLARIZATION

We concentrate on the most interesting case of zero Fermi
energy (u—0), when the low-energy physics is controlled
by the proximity to the Dirac point.

The free Dirac Green’s function is

1

(1)6'0 - U|k|(’j’k + i6'00+ Slgn(w) '

G(k,w) = (4)
The interaction effects lead to the dressed Green’s function
G'— G -3, where the self-energy S is a sum of two terms
with different matrix structure: EA=EAO+§A), EAOOC&O, ﬁ)%&k.
At Hartree-Fock (HF) level (first order in «) a divergent
contribution appears, due to the long-range nature of the
Coulomb interaction* where A~1/a>k is an ultraviolet
cutoff (a is the lattice spacing). One finds

SO(k|) = (a/4)(v|k]) Gy In(A/[K

), (5)

which implies that the effective velocity changes v—uv[1
+(a/4)In(A/|K|)], and grows without bound at low energies
|k|/ A — 0. This should in principle lead to anomalies in ther-
modynamic and spectral properties of graphene.*?! From a
theoretical viewpoint, most importantly, the single logarith-
mic behavior was found to persist to second order of pertur-
bation theory as well,® and consequently this is expected to
be the case to all orders, reflecting the fairly simple (at least
at weak coupling) renormalization structure of the theory.

We now turn to the calculation of the static polarization,
IT(q)=1I(q, @=0). The frequency variable in II(q) is omit-
ted from now on. The bare polarization bubble (without any
interaction lines in the loop) is known to be

%q) =i, f ;’—”Tr{é(k,w)é(k +q.0)}=-q//(4v).
Kk e

(6)

From now on the trace stands for summation over spin (s),
valley (v), and pseudospin (Pauli matrix o) indices, i.e.,

Tr= >, Tr, = 4Tr,. (7)

$,0

The momentum sums are performed as 3y =[d*k/(2m)>.

Next, we calculate the bubble dressing due to the
electron-electron interactions to first order in «. The two dia-
grams at this order are shown in Fig. 1. We write the total
polarization as

I(q) = 119(q) + T1'V(q) + [1®)(q), (8)

where ITV and T1® stand for the contributions of Fig. 1(a)
and Fig. 1(b), respectively.
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a) b)

FIG. 1. First-order interaction corrections to the polarization
bubble. (a) Self-energy correction and (b) vertex correction. The
explicit form of these diagrams is given by Egs. (9) and (19). The
wavy line represents the Coulomb interaction, Eq. (3).

The self-energy dressing of Fig. 1(a) can be written as
(the factor of 2 originates from the two possible insertions)

IY(q) =-2i>, f d—“’Tr{é(k,w)é(k+q,w)
k J 2m

X G(k, )3 (K, )} )

At lowest order, the self-energy is simply the Hartree-Fock
one, meaning that in Eq. (9) we replace

5 A dw; A
S(k,0) = 20(k) =i f 2, 6P0)Viep. (10)
p

The large logarithm present in S((K) at low momenta, Eq.
(5), is expected to appear also in some form in I1V(q).

Let us define the following quantities which appear in our
results from now on:

A(k,q)El—w, k=Kk/k|, (11)
E(k,q) = v(|k[+ [k +q]). (12)

After performing the frequency, and then momentum integra-
tions in Eq. (9), and using the self-energy from Eq. (10), we
obtain

Ak,q)

(1) _ A
I (q)—4k2p Vip(k p)[E(k,q)]2

_ald

In(A/
16 v n( |q

), Allg|> 1. (13)

This result means that the large logarithm in II'V(q) simply
reflects the renormalization of the Fermi velocity, i.e., this
divergence is not independent, but can be simply reabsorbed
into the velocity by replacing v —uv[1+(a/4)In(A/|q|)] in
the one-loop result I1(q)=—~|q|/(4v). Due to the simple
logarithmic structure of the theory this is expected to hold to
all orders of perturbation theory, i.e., all self-energy correc-
tions lead to a replacement of the coupling « in all final
expressions with the “running” coupling a(q), accounting for
the velocity renormalization. We therefore assume that the
velocity renormalization procedure is performed in all higher
order diagrams. At finite small chemical potential u<<A,
which is the case in any realistic experimental situation, the
divergence is cut off, In(A/|q|) —In(A/w). Due to the slow
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qg+k

FIG. 2. First-order interaction correction to the vertex f(k;q),
given by Eq. (14).

variation of the logarithmic function or possible other factors
(such as strong dielectric screening), no significant variation
of the velocity has been found in experiment.?

An interesting effect, related to the interaction contribu-
tion TI'W(q), Eq. (13), was recently discussed in Ref. 16
within the renormalization group (RG) approach. Our calcu-
lation, leading to Eq. (13), provides an explicit perturbative
confirmation of the RG results. If we imagine an external
Coulomb impurity with charge Z>0, probing the polariza-
tion of the vacuum, then the induced charge density, in mo-
mentum space, is pia(q)=2V,I1(q). Here I1(q)=I1"(q)
+I1W(q). While the first term leads to induced charge
pi(r?()i(q)z—Za(w/ 2), localized in real space at the impurity
site and with a screening sign, the interaction term p!!)(q)
=Za*(m/8)In(A/|q|) has an opposite sign and decays as an
inverse power law (1/ 2, with logarithmic corrections). This
peculiar behavior simply reflects, however, the renormaliza-
tion (increase) of the Fermi velocity at low momenta, which
leads to suppression of screening at large distances.

III. VERTEX CORRECTIONS
TO THE POLARIZATION BUBBLE

We proceed with the calculation of the vertex correction
in Fig. 1(b). Before evaluating this expression, it is useful to
examine the (possible) singularity structure separately in the
vertex operator, shown in Fig. 2. For simplicity we use the

notation f(k;q) which stands for the more conventionally

used form f(k,k+q;q), where the variables denote both fre-
quency and momenta (¢ is the bosonic momentum/
frequency).

Since the Coulomb interaction is nonretarded, we have
the simple expression

L dwy A A
F(k9qaw) = 12 J T;G(p’wl)G(p +q,w;+ w)Vk—p'
p

(14)

After evaluating the frequency integral, the result is a sum of
off-diagonal and diagonal parts (with respect to the Pauli-

matrix indexes) ['=I'©+1'@ More explicitly,
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. 1
FO(k:q. ) = ) A_A+<_____
( q (,()) % Vk p(a-p a-p q) E(p,q) +o
1
- . 15
ﬂn@—w) (13)

We are interested only in the zero-frequency limit (and only
in the real part of I, since the imaginary part does not con-
tribute to the polarization). In this case the off-diagonal piece
vanishes identically, f(o)(k;q,w:O):O. This is expected to
be the case since the Coulomb interaction is diagonal and
thus the vertex cannot generate a static contribution with a
different matrix structure. On the other hand the diagonal
part is finite in the same limit

R 1

I'k;q0=0) % X Vi (1 = 6,65, ———. (16)

P PP E(p,q)

An explicit evaluation shows that f(d)(k;q,w:O) does not
have any divergent contributions. For example, at |k|<|q

s

I'¥(k;q,0) < « const, [k|<|q], (17)
while in the opposite limit
[ (k:q,0) = a(lql/[k|). la| <|[K]. (18)

For our purposes the exact formulas are not important (we
also do not show the dependence on the angle between k,q);
our main conclusion at this stage is that the vertex does not
have any divergent parts. We have also examined diagrams
of higher order, such as “ladder” and “crossed” ladder vertex
corrections, and have found that all of them are finite. There-
fore the vertex insertions into the polarization function are
expected to give a finite contribution to that quantity, and
below we evaluate the lowest-order vertex correction nu-
merically.

It is clear that a Ward identity relating divergent contribu-
tions in the self-energy and in the vertex does not hold here,
unlike conventional QED where Lorentz (and gauge) invari-
ance guarantees cancellation between vertex and self-energy
corrections,”” and charge is renormalized only through
simple polarization loops in the photon propagator. On the
other hand, in graphene, where the only nontrivially renor-
malized quantity is the velocity v, both the polarization op-
erator and the vertex operator do not show any independent
divergencies.

The diagram of Fig. 1(b) now reads

1%(q)=-i, f —j‘”Tr{é(k,w)ﬂk;q,O)é(k +q. )},
k 7T
(19)

where the full expression for I from Eq. (14) should be used.
An explicit calculation, starting by evaluation of the energy
integrations, leads to the result
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1- &p+q&p)(1 - &k&k+q)

E(k,q)E(p,q)

1 (
1%(q) = - ZTrE Vip
k.p

(20)
Taking into account
A A 1 . A
0x0p = [k-p+id3(k X p).l, (21)
k|||

where (p X q) stands for a vector product, we then arrive at
the final formula

%
m® - _ _ '"kp A A
(@) ZE) E(k’q)E(p’q){ (k.q)A(p.q)

. (p X q)(k X q), }
Ipllk||p + q/[k + q

It is clear on dimensional grounds that IT®(q) is linear in lql.
This is in fact the case for polarization diagrams in all orders
of perturbation theory. The four-dimensional integrals, ap-
pearing in Eq. (22), cannot be evaluated analytically. We
have found, as expected in light of our previous discussion of
the vertex function, that the expressions converge in the ul-
traviolet limit. After computing the integrals numerically, we
obtain the following result for the combination VqH(Z)(q),
which appears in the dielectric function,

(22)

21e?
|ql

Adding also the one-loop RPA result, we have finally (where
& is the static dielectric constant, defined by the formula
below)

1% (q) =-0.53a2. (23)

ff=_v‘l_= K‘l (24)

1 1-v, Il &

£=1 +ga+0.53a2+0(a3). (25)

We conclude that, at &~ 1, the vertex correction is more
than 30% of the one-loop result. It also has a screening sign,
i.e., it reduces the effective charge. One also expects that
finite contributions will appear to all orders in a. However,
resummation of perturbation theory by simple means seems
impossible, as the contributions in question are finite and
accumulate over a wide range of momenta in the correspond-
ing diagrams (rather than within a specific integration win-
dow, from where divergent parts typically originate, and thus
can be easily collected). Even though the vertex contribution
is a sizable one, two remarks are in order: (1) It does not
change drastically the structure of the theory, apart from con-
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tributing toward further screening of the interactions, and (2)
the fact that perturbation theory is used with the intention of
being applied at a rather strong coupling is in itself question-
able. Nevertheless, perturbation theory provides a clear indi-
cation that a significant contribution to screening exists be-
yond the conventional one-loop RPA result. On the other
hand, in the weak-coupling regime, & << 1, RPA is parametri-
cally well justified as far as the static polarization properties
are concerned (although the RPA is not justified for the
self-energy®).

IV. DISCUSSION AND CONCLUSIONS

It is also useful to compare our results to the situation in
ordinary metals with a finite Fermi surface. Certain approxi-
mations are typically used to account for vertex corrections,
such as the Hubbard form of the dielectric function. When
extrapolated to low momentum, the vertex contribution tends
to decrease the screening length,? i.e., it reduces further the
range of the interactions. Naturally in graphene, where the
screening length is infinite (for the case of zero chemical
potential considered here), the vertex correction affects di-
rectly the effective charge, without changing the shape of the
Coulomb potential.

Finally we mention two recent related works, discussing
interaction effects, that appeared while the present paper was
being prepared. In Ref. 24, the effect of self-energy and ver-
tex corrections to lowest order (@) on the minimal conduc-
tivity in graphene was discussed, with the conclusion that the
corrections are of order 1%. Dynamical polarization proper-
ties were studied in Ref. 25, where the vertex diagrams were
found to have logarithmically singular contributions near the
threshold w~wvgq, leading to the possibility of a plasmon
mode.

In summary, we have shown that vertex corrections can
have a sizable effect on the static vacuum polarization dia-
grams in the regime of strong coupling, while for small cou-
pling their importance diminishes parametrically. The self-
energy corrections are naturally absorbed into the
renormalization of the Fermi velocity. The non-RPA vertex
diagram at lowest order of perturbation theory was found to
decrease the effective charge, meaning that in principle, cor-
relation effects at higher order must also be taken into ac-
count. Thus the ultimate asymptotic behavior of the static
polarization function for o~ 1 remains an open problem.
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